
The Sobol sequence - an example
The first ten points of a 12-dimensional Sobol sequence are
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Starting from 250th point, the next 10 points are
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This 12-dimensional sequence was generated using the following primitive polynomials and initial values (Joe
and Kuo 2007)
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81 + x, 81<<
91 + x + x2, 81, 3<=
91 + x + x3, 81, 3, 1<=
91 + x2

+ x3, 81, 1, 1<=
91 + x + x4, 81, 1, 3, 3<=
91 + x3

+ x4, 81, 3, 5, 13<=
91 + x2

+ x5, 81, 1, 5, 5, 17<=
91 + x3

+ x5, 81, 1, 5, 5, 5<=
91 + x + x2

+ x3
+ x5, 81, 1, 7, 11, 19<=

91 + x + x2
+ x4

+ x5, 81, 1, 5, 1, 1<=
91 + x + x3

+ x4
+ x5, 81, 1, 1, 3, 11<=

91 + x2
+ x3

+ x4
+ x5, 81, 3, 5, 5, 31<=

Each primitive polynomial defines a unique recursive function, which is used to generate a set of direction
numbers  for  that  dimension.  For  example,  the  6th  dimension  is  based  upon  the  4th  degree  polynomial
x4 + x3 + 1 which defines the 4th order recursion

m j = 2 a1 m j-1 Å 22 a2 m j-2 Å 23 a3 m j-3 Å m j-4

which collapses to

m j = 2 m j-1 Å m j-4

since a1 = 1 while a2 = a3 = 0 Hai is the coefficient of xk-i, where k is the order of the polynomial).

Seeded with k  non-negative odd integers m1, m2, m3, … with mi < 2i,  subsequent values generated by the
recursion are also non-negative odd integers with m j < 2 j for all j. Direction numbers are obtained by dividing

each term by 2 j, that is

Hv1, v2, …, vM L =
m1

2
,

m2

4
,

m3

8
, …,

mM

2M

To produce a Sobol sequence of length n requires one direction number for each bit in the binary expansion of
n, a total of k = `Log2 np direction numbers for each dimension. 

Using the above initial values, the direction numbers of a 12-dimensional Sobol  sequence starts with
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This set is sufficient to produce 1024 random points from the 12-dimensional hypercube. Successive vectors in
the Sobol sequence are produced by XORing the preceding vector with one of the rows in the above table,
where the rows are chosen in odometer order starting with the first row.

2   SobolExample.nb


